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solution is approximated by a polynomial whose degree and the time step have been optimized to get
the minimum computational time with the best accuracy. The initial results were compared to those
given by the analytical solution of the Mathieu equation, then the effects of a dipolar and quadrupolar
excitation, and the cooling by a buffer gas, presented as a viscous drag, have been added without reference
to any analytical solution. The results were compared to chosen examples from the ion trap literature.
umerical solution
ower series method

. Introduction

An ideal three-dimensional quadrupole ion trap is made of a
ing closed by two end caps. The three electrodes have hyperbolic
hape. When a voltage UDC + VRF cos(˝t) is applied to the ring, a time
arying quadrupolar potential is created and ions are trapped. The
otion of the trapped ions is governed by the Mathieu equation [1]

d2u

d�2
+ (au − 2qu cos 2�)u = 0 (1)

here u = x, y or z, � = (˝t)/2 and au, qu are the Mathieu parameters.
wo couples of these parameters are defined; (qz, az) for the direc-
ion of the trap’s axis z and (qx,y = − (qz/2), ax,y = − (az/2)) for the x, y
irections. qz and az are given by [1,2]

qz = 8QVRF

m(r2
0 + 2z2

0)˝2

az = 16QUDC

m(r2
0 + 2z2

0)˝2

(2)

here Q is the ion’s charge, m its mass, r0 is the radius of the ring
nd 2z0 is the distance between the end caps.
For an ion to be trapped, its corresponding qz and az must be
hosen inside some regions in the qz–az plane. Usually, the lowest
omain centered around az = 0 is used (Fig. 1).
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Stable solutions of the Mathieu equation are given by

ua = A

+∞∑
n=−∞

C2n cos[(ˇu + 2n)�] + B

+∞∑
n=−∞

C2n sin[(ˇu + 2n)�] (3)

ˇu and C2n are given by the recursion formula [1]

ˇ2
u = au + f (ˇu) + f (−ˇu)

f (ˇu) = q2
u

(ˇu + 2)2 − au − (q2
u)/((ˇu + 4)2 − au − · · ·)

(4)

C2n

C2n∓2
= − qu

(ˇu + 2n)2 − au − (q2
u)/((ˇu + 2n ± 2)2 − au − · · ·)

(5)

One can take C0 = 1 and calculate A and B from the initial condi-
tions.

ˇu(˝/2) is the fundamental frequency. Its maximum value
corresponds to ˇu = 1 which has an occurrence when au = 0 and
qu ≈ 0.908.

To find the trajectory of a trapped ion, many algorithms have
been implemented. One designated MA uses the analytical expres-
sion above to calculate the position of the ion at any time [3]. A
Simulation Program for Quadrupolar Resonance (SPQR) calculates
numerically the ion’s positions using the Bulirsch–Stoer method
[3]. It has been followed by a more general program called Field
Interpolation Method (FIM) [3]. Another program called ITSIM, cal-
culates the ion’s trajectory using a Taylor series expansion [4]. A

more recent version of ITSIM uses the Runge–Kutta method [5].
A generalized Molecular Dynamics (MD) algorithm has also been
used [6] where the verlet algorithm has been adopted to solve the
equations of motion. SIMION [7] software is also used for simulating
the traps.
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Fig. 1. Lowest stability domain of the three-dimensional quadrupole ion trap.

In the programs, SPQR, FIM and generalized MD, terms higher
han the quadrupolar have been included in the trapping potential
o simulate not only the ideal trap but also real traps. The other
eatures of the trap such as dipolar or quadrupolar excitations are
ncluded in these programs and in ITSIM.

The collisions with the molecules of a buffer gas were included
n ITSIM by considering a simple model of damping force. For FIM
t is more complicated where the Langevin theory is used.

In this work, we want to calculate the position of a single ion
n an ideal Paul trap. We considered a pure quadrupolar potential
or the trapping field. Our main objective is to find the trajectory
f a single ion for a relatively large time with minimum computa-
ional time and good accuracy. We choosed to solve numerically
he equation of motion using power series.

. Series solution of the Mathieu equation

When considering the variable � = ˝t, Eq. (1) becomes

d2u

d�2
+ (a′

u − q′
u cos �)u = 0 (6)

ith a′
u = au/4 and q′

u = qu/2. � is the phase of the AC component
f the trapping field.

We look for the solution u(�) as a power series [8]

=
∞∑

n=0

an(� − �0)n (7)

here �0 is an arbitrary constant.
The second derivative is then

d2u

d�2
=

∞∑
n=0

(n + 1)(n + 2)an+2(� − �0)n (8)

aN
0 =

nmax∑
n=0

aN−1
n ��n = (· · ·(aN−1

nmax �� + aN−1
nmax−1)�� + aN−1

nmax−

aN
1

nmax∑
n=1

naN−1
n ��n−1 = (· · ·(nmaxaN−1

nmax �� + (nmax − 1)aN−1
nmax
cos(�) is replaced by its Taylor expansion around �0

os(�) =
∞∑

n=0

cn(� − �0)n (9)
ss Spectrometry 303 (2011) 73–80

with

c0 = cos(�0)

c1 = − sin(�0)

cn = − cn−2

n(n − 1)
for n ≥ 2

(10)

Replacing (7)–(9) into Eq. (6), and after minor manipulations
one obtains

∞∑
n=0

(n + 1)(n + 2)an+2(� − �0)n

+
∞∑

n=0

[a′
uan − q′

u

n∑
l=0

clan−l](� − �0)n = 0 (11)

Equating the different powers of � − �0 gives the recursion rela-
tion

an+2 =
q′

u

n∑
l=0

clan−l − a′
uan

(n + 1)(n + 2)
(12)

a0 and a1 are determined from the initial conditions

a0 = u(�0)

a1 = du

d�
|�=�0

= v(t = �0/˝)
˝

(13)

where � is the velocity.
When using Eq. (7), one always stops the sum at a certain value

nmax of n. In that case, u is determined with a good precision only
if � − �0 is not too large. If we want a good precision from � = 0 to
a relatively large value �max, the solution is either to use a large
value of nmax or to divide the interval [0, �max] into small intervals
of width �� and calculate the coefficients an for every one of them
using the relation (12). a0 and a1 are determined from the initial
conditions for the first interval and by imposing the continuity of
u and its derivative when going from an interval to the next. In
this case �0 can be taken equal to N�� with N the interval number
starting from 0 for the first one. Eq. (7) is then used as

u(�) =
nmax∑
n=0

aN
n (� − N��)n for N�� ≤ � < (N + 1)�� (14)

The upper index N has been used to discriminate between the
coefficients of (7) in the different intervals. The initial conditions
(13) become

a0
0 = u0

a0
1 = v0

˝

(15)

for the first interval, with u0 the initial position and v0 the initial
velocity. For the other intervals, one uses Eq. (14) and its derivative
to get

+ · · · + aN−1
1 )�� + aN−1

0

� + (nmax − 2)aN−1
nmax−2)�� + · · · + 2aN−1

2 )�� + aN−1
1

(16)
For the minimization of the computational time, we start from
the observation that the bigger is ��, the smaller is the number
of times we need to calculate the coefficients an to approximate
the function u(�) in the interval [0, �max]. In fact the number of
intervals is the integer closest to �max/��. Then large values of
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� tend to reduce the computational time. But when �� is large,
e expect that the degree of the polynomial approximating u(�)
ust be high to give a good precision and this tends to increase

he computational time. We then looked for a value of �� and its
orresponding nmax giving the minimum computational time for a
hosen precision.

.1. Minimization procedure

We used a C program to optimize for a value of �max = 106 × 2�.
his value corresponds to 106 periods of the AC trapping field. With
he analytical expression (3), we calculated ua from t = 0 to a maxi-

um time tmax = �max/˝ with a step ��0 = (2�)/100, means a time
tep �t0 = 2�/(100˝). In Eq. (3), n was varied from −100 to 100. For
any initial conditions we considered an n varying from −200 to

00. There was no difference with the case n from −100 to 100. We
ook au = 0 and qu = 0.908. These values of the Mathieu parameters
ave been chosen because they give ˇu ≈ 1 then the position u is the
ost rapid oscillating function and the degree of the polynomial to

se for the approximation must be the highest. The initial velocity
f the ion has been taken as 0 to be between the positive and the
egative values. The initial position was 0.01 m. For the Nt = 108 + 1
alues of the position ua, we calculated their corresponding posi-
ions u obtained from Eq. (14). To use this last, we divided the total
nterval [0, �max] into small intervals of width Ni��0 with Ni vary-
ng from 1 to 50. Means that the analytical expression has been
ompared to 50 polynomials given by Eq. (14). For every polyno-
ial, we varied nmax with a step of 1, starting from 2, until getting

he value giving the minimum error. The error has been defined as
he root mean square of ua − u divided by the maximum of ua

rel = (ua − u)rms

max(ua)
=

√
(
∑Nt

n=0(ua(n�t0) − u(n��0))2)/(Nt)

max(ua(0), ua(�t0), . . . , ua(Nt�t0))
(17)

Here we notice that when the mean value of ua − u is 0,
ua − u)rms is the standard deviation �(ua − u) of the difference
a − u.

For every value of �� (every value of Ni), we looked for the
mallest value of nmax giving εrel < 5 % for the conditions described
bove. We finally get 50 values of Ni and their corresponding nmax.
hey are given in Fig. 2(a).

To estimate the computational time, we see that in the begin-
ing of every interval, we need to calculate nmax − 2 coefficients
n using Eq. (12), and a0 and a1 from Eq. (16). We neglect the

omputational time for the first interval where the relation (15)
eeds to be used for a0 and a1. This is true for large values of
max/��. In Eq. (12) there is n + 3 multiplications, n + 2 additions, 1
ubstraction and 1 division. Neglecting the CPU time for the single
ubstraction and the single division and neglecting the computa-
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Fig. 2. (a) Minimum value of nmax giving an error smaller than
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tional time for the additions (CPU time for the multiplication is
much longer than the one for the addition), we find that calculating
the an coefficients for n varying from 2 to nmax, takes a time propor-
tional to (n2

max/2) + (3/2)nmax − 2. For the calculation of a0 we need
nmax multiplications and nmax additions while the calculation of a1
needs 2nmax − 2 multiplications and nmax − 1 additions. Here also
we neglect the computational time for the additions. The total num-
ber of multiplications is then (n2

max)/2 + (9/2)nmax − 4 to which the
computational time is proportional, with our assumptions.

We did not consider the calculation time for the coefficient cl
of the Taylor expansion of the cosine given by Eq. (10). In fact one
can always find an integer value Ncos such that Ncos�� is a multiple
of 2�. Thus the cl coefficients will repeat themselves every Ncos

intervals. They can then be calculated only one time for the first Ncos

intervals and used in the proper places. The multiplication by q′
u can

also be realized when calculating the cl. The process of placing the
cl in the right places is also time consuming but we did not take this
into account.

From the observation we made that the number of times the
coefficients need to be calculated is inversely proportional to �� we
took equal to Ni��0, we arrive to the conclusion that the computa-
tional time for the calculation of the coefficients an is proportional
to

T(Ni, nmax) = 1
Ni

(
n2

max
2

+ 9
2

nmax − 4

)
(18)

This function is shown in Fig. 2(b) for the Ni and their corre-
sponding nmax we found. It has a minimum for Ni = 16 for which
nmax = 11.

One also needs to calculate the positions using Eq. (14), but if it
is found that the optimum �� is small enough this is not necessary
since the positions are already calculated at the beginning of every
interval. That’s what we supposed for the following.

We applied the procedure for an upper limit of the error of 10%.
For every Ni, nmax was either equal or smaller than for the case of 5%
maximum error. The minimum for the computational time remains
at the same position.

To study the effect of the initial conditions and the Mathieu
parameters on the results, we start from the observation that
for every Ni we get the same nmax as in Fig. 2(a) by considering
�max = 105 × 2� and a maximum error of 0.5%. We used these new
conditions to study the effect of a large number of parameters in a
reasonable time.
For the initial conditions, we took 2 non zero speeds and 1 equal
to zero. For these speeds we considered the positive and the nega-
tive directions. That makes 5 velocities. For every nonzero velocity
we considered an initial position of 0, 1 mm and 1 cm. For the zero
velocity we only considered the 1 mm and 1 cm initial positions.
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hat means that we considered 14 different initial conditions. In
ur calculations, we represented the initial speeds by temperatures.
he initial speed |v0| is taken

v0| =
√

kBT

m
(19)

here kB is the Boltzmann constant and T is the temperature. We
ee from Eq. (15) that the largest values of a0

1 are obtained for the
ighest temperatures, the lowest masses and the lowest frequen-
ies of the AC field. We then took, for the initial speeds, the case
= 10,000 K, m = 1 amu and f = ˝/(2�) = 100 kHz. The second veloc-

ty we considered corresponds to T = 0 which gives the speed 0, but
ay also approximate cases where the ion is very cold, has a big
ass or a very high frequency of the trapping field. The third speed

orresponds to an intermediate case with T = 300 K, m = 40 amu and
= 1 MHz.

The result is that for every Ni, nmax is independent of the initial
onditions except for Ni = 31, 33 and 45 where there is a fluctuation
f 1 unit.

We again took the initial conditions 0.01 m for the position
nd 0 for the velocity. We considered 3 other working points (qu,
u) = (0.002, 0), (0.5, 0) and (0.7809, 0.1499). This last gives ˇu close
o 1. For every one of them, we repeated the procedure. We find
hat, for every Ni the smallest value of nmax is obtained for (qu,
u) = (0.002, 0), then comes the value for (qu, au) = (0.5, 0). One can
hen realize a good accuracy for these Mathieu parameters in a
elatively small time. The curves of the computational time for
qu, au) = (0.7809, 0.1499) and (0.908, 0) were more overlapping
pecially for the times close to the minimum. Ni = 16 and its corre-
ponding nmax = 11 were giving an error larger than the maximum
rror. for (qu, au) = (0.7809, 0.1499), Ni = 16 needed a minimum nmax

f 14. That gives a longer computational time. We then excluded
i = 16. Fig. 2(b) shows that the remaining minimum corresponds

o Ni = 24. Its corresponding error is 4.49%.
We find Ni = 19 more interesting. It gives the minimum error

hich is more than 10 times smaller than for Ni = 24 and a compu-
ational time less than 14% higher. In the following we considered
i = 19 as the optimum. It corresponds to �� = 0.38�. The corre-
ponding value of nmax is 15. Ni = 29, is also interesting. It gives a
alculation time smaller than Ni = 19, but has an error 50% larger.

.2. Test of the method

To test the method, we considered 5 working points (qz, az). 4
f them were at the corners or near the limits of the first stabil-
ty domain ((qz, az) = (0.908, 0), (0.002, 0), (1.25, − 0.65), (0.7809,
.1499)) and one in the middle ((qz, az) = (0.5, 0)). They are noted
, b, c, d and e in Fig. 1. For each one of them, we took the 14 ini-
ial conditions used in the previous paragraph. These cases are not
elated to any special experimental system. They have been taken to
ompare between the polynomial solution and the analytical one.

ith a C program we calculated the positions up to �max = 106 × 2�
ith the step �� found previously. Both za given by the analytical

xpression (3) and z given by the polynomial (14) were calculated.
or all the treated cases, the mean value of the difference za − z was
ery close to 0, then the root mean square of za − z was taken equal
o the standard deviation of this difference. Eq. (17) was replaced
y

rel = �(za − z)
max(z )

(20)

a

For every working point the error was independent of the initial
onditions. It was about 0.42% for (qz, az) = (0.908, 0), about 0.043%
or (qz, az) = (0.002, 0), about 0.86% for (qz, az) = (1.25, − 0.65), about
.1% for (qz, az) = (0.7809, 0.1499) and about 0.022% for (qz, az) = (0.5,
ss Spectrometry 303 (2011) 73–80

0). For every working point (qz, az) we chosed one set of initial con-
ditions and calculated za and z up to �max = 106 × 2�. The results for
� close to 0 and to 106 × 2� are shown in Fig. 3 (a)–(e). These figures
show the mean value of za − z. We observe that in the scales shown,
there is no significant difference between za and z for the small val-
ues of � and for the worst cases ((a), (c), (d)) small differences are
seen for the large values of �.

For the five curves, the evolution of the error as a function of
�max has been calculated and is given in Fig. 3(f).

To get each one of the 5 curves, a Dell laptop with a processor
x86 Family 6 Model 15 Stepping 13 GenuineIntel 1995 MHz, has
been used. For the calculation of z, the computational time is about
75 s when the values of � and z are saved in the hard disk. It is less
than 16 s without saving.

With the same laptop, we used SIMION 7 and simulate a
quadrupole ion trap having r2

0 = 2z2
0 = (7 mm)2. We measured the

time needed to calculate the evolution of the position of an ion of
mass 40 amu starting from the center of the trap. The initial kinetic
energy was 1 eV with the motion in the z direction. We considered a
trapping field frequency of 1 MHz and a working point (qz, az) = (0.5,
0). We saved the time and the axial position from 0 to 100 ms with a
step of 19 �s. Without any plot in the screen, SIMION 7 takes more
than 17 min to do the calculation. With our method we had the
results in less than 8 s. Knowing that SIMION calculates the 3 com-
ponents x, y and z of the position, the execution time of our method
must be multiplied by 3 to get the comparison. We find that our
method is about 60 time faster for the treated case.

3. Resonant excitation

When a small additional alternating voltage (tickle) is applied to
the trap, the ions interact with it and the amplitude of their motion
and their energy increases if the frequency of the tickle satisfies
certain resonance conditions. This excitation can be either dipo-
lar when it is applied between the trap’s end caps or quadrupolar
when applied between the end caps and the ring. In both cases we
considered the additional voltage as

Vt = V0t cos(ωt) (21)

The Taylor expansion of the cosine in terms of � − �0 is written

cos(ωt) =
∞∑

n=0

cen(� − �0)n (22)

with

ce0 = cos(�0)

ce1 = − ω

˝
sin(�0)

cen = −
(

ω

˝

)2 cn−2

n(n − 1)
for n ≥ 2

(23)

3.1. Dipolar excitation

When the tickle is applied between the end caps, the equation
of motion (6) for the z direction becomes

d2z

d�2
+ (a′

z − q′
z cos �)z − ft cos

(
ω

˝
�
)

= 0 (24)
where

ft = QV0t

2z0m˝2
(25)
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ig. 3. (a) (qz , az) = (0.908, 0), T = 10,000 K, m = 1 amu, f = 100 kHz. (b) (qz , az) = (0.002
.1499), T = 300 K, m = 40 amu, f = 1 MHz. (e) (qz , az) = (0.5, 0), T = 300 K, m = 40 amu, f

By taking z in the form given by Eq. (7) and after replacing into
q. (24), the recursion relation (12) becomes

n+2 = q′
z

∑n
l=0clan−l − a′

zan + ftcen
(26)
(n + 1)(n + 2)

This relation together with the continuity Eqs. (16) and (15) is
sed to find the axial position z as function of �.

As an example we considered a singly charged ion of mass
0 amu in a Paul trap with z0 = 1 cm. The trapping field had a fre-
= 0. (c) (qz , az) = (1.25, − 0.65), T = 300 K, m = 40 amu, f = 1 MHz. (d) (qz , az) = (0.7809,
z. (f) Evolution of the error as function of �max.

quency of 1 MHz and the Mathieu parameters were qz = 0.5 and
az = 0. The tickle’s amplitude was V0t = 10 mV and the excitation
lasts for 10 ms. The ion started from rest at z = 1 mm. The result
is shown in Fig. 4.
We then considered excitations with frequencies starting from
0 and ending at 2 MHz with a step of 100 Hz and the same ampli-
tude as before. The trap we considered had the same z0 than in the
previous case and the trapping field the same frequency. For every
excitation we considered the ion starting from rest at z = 0. The
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uration of this excitation is 10 ms also. For each tickle frequency,
e looked for the maximum value of z the excitation gives to the

on. The calculations were done for two sets of Mathieu parame-
ers; (qz = 0.5, az = 0) and (qz = 0.8, az = 0.1). The results are shown
n Fig. 5. One can clearly see the fundamental frequencies ˇz(˝/2)
nd the harmonics ˝ − ˇz(˝/2), ˝ + ˇz(˝/2) and 2˝ − ˇz(˝/2) as
iven in Eq. (3).

Fig. 5(b) and (d) shows the fundamental frequencies with a 1 Hz

tep scan. By considering the position of the maximum, one deduces
value of ˇz equal to 0.373738 for (qz = 0.5, az = 0) and ˇz = 0.867044

or (qz = 0.8, az = 0.1). The theoretical values obtained from Eq. (4)
re 0.373744 and 0.867043, respectively.
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ig. 5. Dipolar excitation scan (a) (qz = 0.5, az = 0). (b) 1 Hz step scan around the fundam
requency.
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3.2. Quadrupolar excitation

When the excitation is quadrupolar, the resonance occurs for
the ratios of the tickle’s frequency to the RF frequency equal to
|n + ˇu| with −∞< n < ∞ [9]. The additional term in the ion’s equa-
tion of motion is similar to the one due to the RF field provided the
replacement of the RF amplitude by V0t and ˝ by ω. When using
the parameter ˛ = V0t/VRF, Eq. (6) becomes

d2u

d�2
+

(
a′

u − q′
u cos � − ˛q′

u cos
(

ω

˝
�
))

u = 0 (27)

The recursion relation for the coefficients of the solution is then

an+2 = q′
u

∑n
l=0(cl + ˛cel)an−l − a′

uan

(n + 1)(n + 2)
(28)

We used this relation and similarly to the dipole excitation, we
realized a scan of the tickle’s frequency with 100 Hz step from 0
to 2 MHz. We looked for the maximum amplitude of z. We took
the same conditions for the trap and ion as in the case of the dipole
excitation, except for the ion’s initial temperature which was taken
as 300 K. We considered ˛ = 10−4. The results we obtained for 2 sets
of the Mathieu parameters are shown in Fig. 6. One can see the
resonances at ˇz˝, (1 − ˇz)˝, (1 + ˇz)˝ and (2 − ˇz)˝.
4. Buffer gas cooling

The collisions of the trapped ions with a light buffer gas induces
the damping of their motion. This effect can be modeled by a viscous
drag where the damping force is written −→

F = −(Q/K)−→u , 
� the ion’s
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Fig. 6. Quadrupolar excitation scan

elocity and K its mobility [10]. This last is usually expressed as

= 760
p

T

273.15
K0 (29)

being the buffer gas pressure in Torr, T its temperature in K and
0 the reduced mobility one finds tabulated in the specialized lit-
rature.
When taking the damping force into account, the equation of
otion (6) becomes

d2u

d�2
+ 


du

d�
+ (a′

u − q′
u cos �)u = 0 (30)
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z = 0.5, az = 0). (b) (qz = 0.8, az = 0.1).

with 
 = Q/(m˝K). The recursion relation (12) becomes

an+2 = q′
u

∑n
l=0clan−l − a′

uan − (n + 1)
an+1

(n + 1)(n + 2)
(31)

We used this relation to study a case similar to the one given in
Refs. [10,11] where the cooling of 133Cs+ ions by N2 molecules was
studied. The authors were using a two-dimensional quadrupole

ion trap made of 4 parallel rods [1]. The distance between oppo-
site rods was 13.8 mm. In the ideal case, the Mathieu Eq. (1) holds
for x and y when z is the trap’s axis. They considered the evolu-
tion of the position of an ion starting from 10−3 mm for 4 different
buffer gas pressures and solved numerically the equation of motion.
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[

0 M.S. Herbane / International Journa

he trapping field frequency was 700 kHz and the trap’s Mathieu
arameters were qx = 0.236 and ax = 0. We considered these condi-
ions and an ion’s temperature of 0.005 K. We took K0 = 2.21 cm2/V s
or the reduced mobility from Ref. [12]. This is for a buffer gas tem-
erature of 300 K. The results for the 4 pressures are given in Fig. 7.
hey look similar to the ones given in Refs. [10,11].

. Conclusion

We have developed a numerical method for the study of the
otion of individual ions trapped in an ideal quadrupole trap. We

tart from the equation of motion and replace the position by a
ower series of time. By replacing the analytical functions appear-

ng in the equation of motion by their Taylor expansions we get
recursion relation for the coefficient of the position series. To

se the method when the RF phase varies from zero to a maxi-
um value, we divide the total phase interval into small intervals

f width 0.38� and approximate the function giving the position
y a polynomial of degree 15. These numbers have been chosen by
omparing the polynomial solution to the analytical solution of the
athieu equation and imposing upon the method to get the best

ccuracy with the minimum computational time. The application
f this method to the cases of dipolar and quadrupolar excitation,
nd to the buffer gas cooling when considered as a damping mech-
nism inducing on the ion a force proportional to the velocity, gives
ood agreement with what one finds in the ion trap literature.

In a future development of the method, we can add higher order
erms in the trapping potential to simulate real traps [13,14]. The

quations of motion for x, y and z will not be independent as for
he ideal trap but coupled [13]. They contain z and r =

√
x2 + y2 at

owers higher than 1 [14]. Three power series of time are needed.
ne for each direction. One replaces them in the equations of
otion, and looks for their recursion relations.

[
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